(1) A necessary and sufficient condition that the length L(C) of C be finite is that each of the functions x{u), y («) , z{u) be of bounded variation on M].
• (2) If the length L{C) is finite, then each of the derivatives x'(u), y'{u), z''{u) exists almost everywhere in [a, b] , is summable on [a, b] , and L(C) ^ f [x'(uY + y'iuY + z'(uY\l'2du. (u, v), y(u, v), z(u, v) , is continuous on the closed (two-dimensional) interval [a, b; c, d] . How may the concepts for the area of the surface S and for bounded variation and absolute continuity of the representation of 5 be defined so that theorems analogous to those for continuous curves cited in (2) 1 (}) Numbers in square brackets refer to papers listed in the bibliography at the end of this paper.
(2) The notation I, 6, 2, for example, refers to chapter I, section 6, relation 2 in this paper When no chapter reference is given, the introduction is meant.
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Geöcze and Tonelli have shown a complete answer to this question (see Geöcze [lj, Tonelli [l] ). But for the general case, no satisfactory answer seems to be known.
3. It is the chief purpose of this paper to give an answer to the question just raised. In so doing, interesting generalizations and extensions of results in the literature will be obtained. Briefly, the program for procedure is the following. First, a definition for a continuous surface is made precise (see I, 1). Now concepts for bounded variation and absolute continuity of a representation for a curve are phrased in terms of the corresponding representations for the projections of this curve upon each of the coordinate axes. Here the definitions for bounded variation and absolute continuity of a representation for a surface will be made in terms of the corresponding representations for the projections of this surface upon each of the coordinate planes. For representations of the latter type, a hierarchy of definitions for bounded variation and absolute continuity is extant(3) (see R2 [l] ). It will be desirable for the purpose of this paper to review these definitions, and to make certain additions to the theory developed in the work just cited (see II, III). Next, a definition for the area of a continuous surface will be given (see IV). This definition will be compared with that of the Geöcze area as defined by Rado (see IV, [17] [18] [19] [20] , and the Lebesgue area (see IV, [14] [15] ; the latter area has been most frequently used in the literature. For the special case considered by Geöcze and Tonelli, it will be shown that the definitions advanced here are equivalent to those which they used (see IV, 16) . With the definitions for the area of a surface, and for bounded variation and absolute continuity of its representations, thus formulated, it will be shown that theorems hold for continuous surfaces which are analogous to those cited in 1 for curves (see IV, 4, [6] [7] [8] [9] [10] [11] [12] [13] V, [9] [10] [11] [12] [13] [14] [15] . As an application of this theory, some of the results of Rado and Reichelderfer on convergence in area for surfaces (see R2 [2] ) will be generalized (see V).
4. For brevity, the following notations and conventions are adopted. The wV-plane will serve as a parameter plane; a point (w1,«2) in it is denoted simply by u. The surfaces will be in x'xV-space; a point (x1, x2, x3) in this space is denoted simply by x. With each point x, there is associated its projections on the respective coordinate planes given by ** = (0, x2, x3), 2x = (x1, 0, Xs), 3x = (**, x2, 0).
The planar exterior measure of any set E in the w-plane is denoted by | E \. The set of interior points in the set E is denoted by E". If a = (a1, a2, a3) be any triple of real numbers, set I a I = ( I a11, I a21, | a31 ), = [(a1)2 + (a2)2 4-(a3)2]1'2.
A triple of real, finite, single-valued functions x'(tt), i = 1, 2, 3, each defined (3) The symbol R2 in this note is to be read "Rado and Reichelderfer."
on a set E in the w-plane is denoted by [x(u) , E], where x(u) -(xl(u), x2(u), x3(w)) for u = (w1, u2) in E. With each triple [x(u) , E] there are associated three triples [*x(u) , E] defined by lx(u) = (0, x2(u), x\u)), 2x(u) = (xl(u), 0, x3(w)), zx(u) = (** («) , .r2 («) , 0), u in £.
A triple [x(m) , E] is said to possess any property which is possessed by each of the xi(u) for * = 1, 2, 3 on the set E.
A two-dimensional interval in the «-plane is denoted generically by I, 3, [a, ß], or [a1, ß1; a2, ß2] ; it consists of all points u satisfying al = ul ^ßl, ct2 = u2 -ß2 where a1 <ß1, a2 <82. A connected open set in the w-plane is termed a domain, is denoted generically by O or 3); if the boundary of a domain consists of a Jordan curve, then the closed connected set of points in the domain and on its boundary is termed a simple Jordan region, is denoted generically by ß, 73 or 93. If the boundary of a domain consists of a finite number of Jordan curves, then the closed connected set of points in the domain and on its boundary is termed a Jordan region, is denoted generically by SR. A sequence of domains 3D" is said to fill up a domain O from the interior if each domain £>" is contained in D, but for every closed set F in D there exists an n{F) such that F is in Dn for every choice of n exceeding n(F). A sequence of Jordan regions 9i" fill up a Jordan region dt from the interior if their interiors 9t° fill up 9?° from the interior.
If 33 is any simple Jordan region in the w-plane, then a finite system of nonoverlapping simple Jordan regions B lying in S3 is denoted generically by 5(33) A ö-function defined in 93 is a law which associates with every simple Jordan region 73 in 33 a finite, real number <p(B); this function is denoted by [<p, 93] . This Z>-function is non-negative if 4>{B) is non-negative for every B in (33). Evidently <b(B) = £7(73; [<j>, 93] [2, 3] ).
1. If P be any polyhedron, then A(P) =a(P).
2. There exists a sequence of polyhedra Pn such that Pn converges to 5 and A (Pn) converges to A (S).
3. The Lebesgue area A(S) is a lower semi-continuous functional of 5. 7. Much of the literature on continuous surfaces restricts its considerations to surfaces having representations of non-parametric origin (see I, 2); in defining the "Lebesgue area" for such surfaces, it has been convenient to restrict the class of approximating polyhedra Pn to have representations of non-parametric origin also. Let A*(S) denote the area of a surface 5 having a representation of non-parametric origin when the class of approximating polyhedra is so restricted. Then clearly A(S) -A*(S), and it is important in comparing the literature to know that the sign of equality always holds. This fact is implicit in the work of Rado (see Rado [l ] ), but no explicit proof seems to be in the literature.
Such a proof will be a corollary to one of the results in this paper (see IV, 15).
8. Let 5 be any continuous surface. The following principle has been advanced by Rado and Reichelderfer to direct their work in the theory of continuous surfaces (see R2 [2] ). Assume that some sort of area-denote it by o/f(S)-is defined for 5 and that, for each representation [x («) , 93] of S, some sort of Jacobians are defined for each of the projection representations [xx, 93] , [2x, 93] , [3x, 93] on the coordinate planes (see 4)-denote these by 1 J(w) > 27(«) > 37 («) . respectively, wherever they exist. Then a representation \x{u), 93] for 5 is said to be absolutely continuous (?A, J) provided that each of the Jacobians lJ{u), 2J{u), 3J(u) In sections 1-9, 13, the salient features of the theory of bounded variation and absolute continuity for continuous transformations in the plane developed by Rado and Reichelderfer (see R2 [l] ) are summarized. For all details, the reader is referred to the cited paper(4). Minor notational changes have been made to place the results in a form more convenient for the purposes of this paper. In sections 10-12, 14-22 extensions of this theory are discussed.
1. Let £ be any plane in x-space; on £ choose a rectangular coordinate system £\ £2, and adopt notations similar to those introduced in 4 for the m-plane. Let 2) be any bounded domain in the m-plane. If £(u) = (!;1(u1, m2), £2(m\ u2)) be a pair of real, single-valued functions defined, continuous, and bounded in 2), then [£(m), 2)] defines a bounded continuous transformation T, which associates with every point u in 3) a point £ = £(m) in a bounded portion of the £-plane. If E be any set in the m-plane, let T(E) denote the set of all points §o in the £-plane for which there exists a point uo in E such that £(«o) = £o-If E be any set in the £-plane, let T~1(E) denote the set of all points m0 in 2) such that £ (m0) For any set E in the m-plane, and for any point £0 in the £-plane, Ar(£0, F, E) is defined to be the number (possibly -h™) of points in the set F-1(£o)-.E. For fixed £ and F, A(£, T, E) is a non-negative completely additive set function.
2. If 9i be any Jordan region in 2), and if k be any non-negative integer, define $t(k, T, 9t) to be the set of those points £o in the £-plane for which there exists a positive number e such that A(£0, F*, 9i) -k for every bounded continuous transformation 7* satisfying p(F*, F; 9i) <e. Clearly $ (&, F, 9?) contains Ä(*4-1, F, 91) for k = 0, 1, 2, • • • . Define Given a domain D in 2) let 9?" be a sequence of Jordan regions whose interiors fill up D from the interior (see 4). For fixed £ and F, the sequence K(£, T, ?Hn) has a limit (possibly 4-00) which is independent of the choice of the sequence of regions 9?" whose interiors fill up D. This limit is denoted by K(£, F, D), and is termed the essential multiplicity of £ under T with respect to D. It has the following properties.
1. The essential multiplicity K(£, F, D), for fixed F and <D, is a lower semicontinuous function of £. 3. For any Jordan region 9? in 2), it is true that K(£, F, 9t°) = K(£, F, 9?).
3. A set 43 in the w-plane is termed a öase je/ for the transformation F if it is measurable, and for every closed oriented square s whose interior s" is in T>, the set F(s°-33) is measurable.
Let 33 be any base set for F. Define, for any closed oriented square s whose interior s° is in 2) 1.
g(s, T, 33) = I F(j°-13) I .
The transformation F is said to be of bounded variation with respect to the base set 33-briefly, BV 33-if there exists a finite positive constant M such that for any finite system of nonoverlapping, closed, oriented squares s< whose interiors are in 2), it is true that Z St**. T, 43) < M.
The transformation F is said to be absolutely continuous with respect to the base set 33-briefly, AC 33-if for every positive number «, there exists a positive number rjt such that Z gist, F, 33) < e for every finite system of nonoverlapping, closed, oriented squares s, whose interiors are in 2) and for which ZI s<! < nIf F is AC 33, then it follows that F is BV 33.
Lemma. If 33x and 332 are base sets for T, then 33 = 33i4-332 is a base set for T. A necessary and sufficient condition that T be BV 33 is that T be both BV 33x and BV 332. A necessary and sufficient condition that T be AC 33 is that T be both AC 33i and AC 332. for a certain choice of the base set 33 which is now described. Let dt be any Jordan region in 35 (see 4). Let £o be any point in the £-plane not on the image under F of the boundary of 9x. If C be one of the curves bounding 3J, then the image of C under F, taken as u traverses C in a positive sense relative to 9J, is a directed, closed continuous curve C not passing through £0; consequently £0 has a well defined topological index with respect to C. The sum of these indices taken over all the boundary curves of is denoted by p.(£o. F, 9J). For points £* on the image under F of the boundary of 9t, one puts F, 9t)=0.
6. Let £o be any point in the £-plane. The set F_1(£0) is a closed set relative to 35, hence decomposes in a unique way into components which are maximal connected closed sets relative to 35. If a component of F-1(£0) has a positive distance from the boundary of 35, then it is a connected closed set in the absolute sense-that is, a continuum; such a component is termed a maximal model continuum for £0 under F in 35, and is denoted generically by o-(£o, F). A <7(ifo, F) is termed essential if in every open neighborhood of a-(£o, F), there is a Jordan region 9? containing <r(£0. T) in its interior and for (6) Since all functions considered in the £-p)ane are zero outside a sufficiently large disc, they are termed summable whenever they are summable on such a disc, and no range of integration will be explicitly indicated. 
Set e(T, 35) =E(T, 35) -£(T, 35)-that is, e(T, 35) is the set of those points
Mo belonging to some nondegenerate essential maximal model continuum for £(wo) under T in 35. Rado and Reichelderfer have shown that £>(T, 35) is also a product of open sets, hence a Borel set. Thus e(T, 35) is a Borel set. By a general theorem (see Kuratowski [l, p. 249] ) it follows that for every choice of an open square s° in the «-plane, the sets T(s°-e(T, 35)), T(s°-E(T, 35)) are (') The last result is established in §5.6 of the R2 paper.
both measurable. Thus both the sets e(F, 35), £(7", 35) may serve as base sets (see II, 3) , and the general theory in II, 3, 4 is applicable.
11. Lemma. A necessary and sufficient condition that the set F(e(F, 35)) be of measure zero is that T be BV e(T, 35). Whenever T is BV e(T, 35)), it is also AC e(T, 35).
Proof. Observe that (see II, 1) Thus a necessary and sufficient condition that A(£, T, e(T, 35)) be summable is that I F(e(F, 35)) | =0; in view of the facts in II, 4, this establishes the first part of the lemma. If T is BV e(T, 35)), it follows at once that so that the sign of equality holds here, and F is AC e(T, 35).
From this lemma and the lemma in II, 3 follows the Corollary.
Let T be any bounded continuous transformation which is
BV e(F, 35). A necessary and sufficient condition that T be BV E(T, 35) is that T be BV £(F, 35). A necessary and sufficient condition that T be AC E(T, 35) isthat T be AC £(F, 35).
If T is BV e(F, 35) it is evident that (see II, 3, 7, 10) for every closed oriented square 5 whose interior is in 35, Thus whenever F is BV e(T, 35), it follows that D(u, T, E(T, 35)) =D{u, T, £ (F, 35))=sD(«, F) almost everywhere in 35 (see II, 4, 8 condition that K(£, F, 35) be summable is that T be BV £(F, 35), while a sufficient condition that K(£, F, 35) be summable is that T be BV E(T, 35); in this latter case, the signs of equality in relation 1 hold almost everywhere. Now suppose that T is BV £(F, 35); then since A(£, F, £(F, 35)) is finite almost everywhere, one concludes that a necessary and sufficient condition that K(£, F, 35) = 7V(£, F, £(F, 35)) almost everywhere is that F be BV E(T, 35). 
Then Tis AC E(T, £>).
Inspection of the proof of Rado and Reichelderfer for their closure theorem reveals that property (iv'). which is a consequence of (iv), is all that is needed for that proof. and the essential maximal model continua play the basic role in this paper-that is, since the transformations behave essentially alike-there will be no confusion if one designates either of them by .F. In the sequel this is done, but it is to be understood that whenever preceding theory is applied, F is to be interpreted as the transforma- and a necessary and sufficient condition that the sign of equality hold here is that the sign of equality hold almost everywhere in relation 1 -that is, that the set T(C• E(T, 93°)) be of measure zero. For brevity, any finite system 5(93) for which the sign of equality holds in relation 2 is termed a maximal system for F.
Lemma. Given a continuous transformation F: [£(«), 93]. A necessary and sufficient condition that, for any positive number S there exist maximal systems 5(93) for T such that ||5(93)|| is less than 5 is that T be BV E(T, 93°).
Proof. First, assume that there exists a sequence of finite systems 5"(93) such that ||5"(93)|| converges to zero and J* K(f, T, 93°)# = Z J K(f, T, B*)dt. for B in 5"(93), n = 1, 2, ■ • • .
Denote C" the set of points in 93° none of which is in the interior of a region B belonging to 5"(93) for w=l, 2, • • • ; set T=ZC". From the remark in II, 19 , it follows that the set T(T E(T, 93°)) is of measure zero. On the other hand, the set F(e(F, 93°)) (see II, 10) is clearly a subset of F(T-£(F, 93°)), hence also of measure zero. By the lemma in II, 11, it is true that F is
BV e(F, 93°). Since K(£, T, 93°) is summable, it follows from II, 12 that T is BV £(F, 93°). From the lemma in II, 3, it is clear that F is BV E(T, 93°).
This establishes the necessity of the condition. BV E(T, 3°) (see II, 18), it follows by the result just established that there exist interval subdivisions 5(3) which are maximal with respect to T for which || 5(3)|| is arbitrarily small. A maximal system 5(3) for F corresponds under the map to a system 5(93) which is easily seen to be maximal for F. In view of the uniform continuity of the topological map, ||5(93)|| will be less than 8 provided ||5 (3) This establishes the lemma.
3. For any flat surface S in the £-plane, define (see 11, 2) otherwise.
K(£, S) is summable;
The quantity eV(S) is termed the essential variation for the surface 5. If
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use eV(S) is finite, then 5 is said to be a surface of bounded essential variation-■ briefly, BEV. From the remarks in II, 12 follow the 1. Corollary. A sufficient condition that a flat surface be BEV is that it possess a representation which is BV E. A necessary condition that a flat surface be BEV is that each of its representations be BV £. Thus if one representation for the surface is BV E, then all representations are BV 6.
Corollary.
The essential variation eV(S) is a lower semi-continuous functional of S.
4. From the lemmas in II, 9, 12 one obtains the 1. Lemma. If S is a flat surface which is BEV, andif 93] is any representation for S, then where T is the corresponding transformation.
A necessary and sufficient condition that the sign of equality hold here is that [£(«), 93] be AC E.
Lemma. If S is a flat surface which is BEV, and if [£(«), 93] is any
representation for S for which the ordinary Jacobian exists almost everywhere in 93°, then where T is the corresponding transformation. A necessary and sufficient condition that the sign of equality hold here is that [£(«), 93 ] be AC E.
5. For the purpose of comparing results with those in the literature for surfaces given in non-parametric representation, it is necessary to recall the concepts for bounded variation and absolute continuity used by Tonelli (see Tonelli [l] ). Let/(w) =f(u1, u2) which is BV T on 3 be AC F on 3 is that the sign of equality hold in both of the relations III, 5, 1. hence (see II, 4) lT is BV 3°, and (see III, 5) f N(S, lT, 3°)^ = f d^ j N«?, £2), 1T, 3°)#2
Fu,(/; u2)du2 = F",(/).
Conversely, suppose that 1T is BV 3°; then (see II, 4) it is true that A(£, 1F, 3°) is summable, so that by the theorem of Fubini, the function N((y2, £2), lT, 3°) is summable for almost every choice of £1 = 72 in the interval [a2, ß2], and 3. j iY(f, lF, 3°)^ = jd^j N((£\ f2), lF, 30)^2.
By the result cited above, it follows that/(«\ y2) is of bounded variation on [a1, ß1] and relation 1 holds for almost every choice of u2 = y2 in [a2, ß2] . In view of relation 3, it follows that F"i(/; u2) is a summable function of u2 on [a2, ß2] . A similar reasoning applies to the continuous transformation defined by 2T: S1 = u\ e = f(u\ u2), (u\ u2) in 3.
These results are summarized in the Lemma. Let f{u) =/(«', u2) be a real, single-valued function defined and continuous on the interval 3-Consider the two transformations lT: e = u2, e = f(ul, u2), (u1, u2) in 3;
2T: e = u\ e = f(u\ u2), (u\ u2) in 3.
A necessary and sufficient condition thatf(u) be BV T on 3 is that both 1T and •a
7»
It will now be shown that for any interval system 5(3) (see 4),
is the measure of the set of points £2) which satisfy the inequalities (f(8\ u2) -e)(f(y\ u2) -e) < o, y2 < e = «2 < s\
Consider any point £o = (£o> £o) which satisfies these inequalities. Its inverse lT~1(^B) evidently is contained on the line u2 = %l0. Since f(ul, £j) is continuous on [yl, 8l] and has opposite signs at the points ul = yl, m2 = 61, it follows that £o has a model in the interior of I, and that m(£o, lT, I) = ±1. From II, 6 it follows that K(f0, T, P) ^1. Thus *fK ( A necessary and sufficient condition thatf(u) be BV F on 3 is that both 1S and 2S be BEV. Iffiu) is BV T on 3, then eVPS) = V*(f) = f I /"i(w) I du; eV(2S) = VJif) ^ f | /«•(«) | du.
.4 necessary and sufficient condition that the sign of equality hold in both these relations is that f(u) be AC F on 3-A necessary and sufficient condition that f{u) be AC F on 3 is that both of the representations for 1S and 2S be AC E.
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eA(S) = I
Clearly eA(S) is independent of the choice of the representation for 5, although it is not clear as to whether it is also independent of the choice of a coordinate system in x-space. If 5 is a flat surface in a coordinate plane (see I, 3), then eA(S)=eV(S) (see III, 2; IV, 2, 1)(8).
4. From 5; IV, 2, 1 follows the Theorem. A necessary and sufficient condition that the essential area eA (5) of a surface 5 be finite is that each of the projection surfaces *5,25,35 be of bounded essential variation. Between the essential area and the essential variations of the projection surfaces, the following relation exists 3 eVi'S) = eA(S) g J] eF(j5).
•-1 Notice that this theorem is an analogue for continuous surfaces of the result for continuous curves cited in 1, 1.
5. Lemma. The essential area eA (5) is a lower semi-continuous functional of
5.
Proof. Suppose the sequence of continuous surfaces 5" converges to a surface 5o; from I, 1 it follows that there exist representations [xn(u) , 33] for n = 0, 1, 2, • • • such thatx"(w) converges on 33 uniformly toxa(u). Adopt the notation of IV, 2, using a subscript n to distinguish the functions belonging to (8) Since e V('S) = eA ('S) for t = l, 2, 3, the notion of essential variation might very well be discarded. However, it has not been the custom to speak of the length of a one-dimensional curve, but rather to speak of the total variation of a function representing that curve. To preserve this parallel between the theory of curves and the theory of surfaces, the concept of essential variation has been introduced here. A sufficient condition that the sign of equality hold here is that the triple [x(u), 93 ] be AC E; a necessary condition that the sign of equality hold is that the triple be ac e.
Proof. Since eA (S) is finite, it is true that each ''5 is BEV (see IV, 4), hence K(% iF, 93°) is summable for i=l, 2, 3 (see III, [2] [3] . Thus (seeIV, 2; 11, 9, 1) each J(u, {T) exists almost everywhere in 93°, is summable on 93°, and 2. '<*>(£)= f \j(u,iT)\du for 7iin93, i» 1,2,3. J s3»
On the other hand, let R be a simple Jordan region in93 which admits of an interval subdivision. Then it is true (see R2 [2, chap. II, §10] ) that there exists a sequence of interval subdivisions SK(R) such that lim nSn(R)) = f ||70. k93])||rf«. x(u) , 93 ] which is BV E, then the essential area eA(S) is finite, the triple J{u, [x, 93] ) of generalized Jacobians exists almost everywhere in 93°, is summable on 93°, and A necessary and sufficient condition that the sign of equality hold here is that [*(»), 93] be AC E.
A proof follows from results in 11, 11; 111, 3, 1; IV, 4, 6 . This is an analogue to the theorems in 1, 2, 3 for continuous curves; all representations for continuous curves automatically satisfy the analogue of BV E in one dimension whenever the length of the curves is finite. Thus the sign of equality holds throughout, and the conclusion now follows from the last part of the theorem in IV, 6. 9. By the principle stated in 1,8, the theorem in IV, 6 may be given the following variant form.
Theorem. A necessary condition that a representation [x(u) , 93] for a surface S be absolutely continuous (eA, J), where eA (S) is the essential area of S and J(u, [x, 93] ) is the triple of generalized Jacobians, is that [x(u) , 93] be AC £. A sufficient condition that this representation for S be absolutely continuous (eA, J) is that it be AC E; then each of the corresponding representations for the projection surfaces *S is also absolutely continuous (eA, J) for i = l, 2, 3.
10. The results in IV, 6-9 are paralleled by similar theorems involving the essential area and the triple of ordinary Jacobians; one need but replace II, 9, 1 by II, 9, 2 in making the proofs.
Theorem.
If the essential area for a surface S is finite, and if [x(u) , 93] be any representation for Sfor which the triple J(u, [x, 93] ) of ordinary Jacobians exists almost everywhere in 93°, then the triple is summable on 93°, and is AC 6.
Proof. From IV, 5, 6 and the assumptions, one obtains A sufficient condition that the sign of equality hold here is that the triple [x(u) 93] be AC E; a necessary condition that the sign of equality hold is that the triple be Ac e.
11. Corollary. If a surface S has a representation [x(u) , 93] which is BV E and for which the triple J(u, [x, 93] ) of ordinary Jacobians exists almost everywhere in 93°, then the essential area is finite, the triple J(u, [x, 93] 13. Here is a variant form for the theorem in IV, 10.
Theorem.
A necessary condition that a representation [x(u) , 93] for a surface S, for which the triple J(u, [x, 93] ) of ordinary Jacobians exists almost everywhere in 93°, be absolutely continuous (eA, J) is that [x(u), 93] be AC £. A sufficient condition that this representation for S be absolutely continuous (eA, J) is that it be AC E; then each of the corresponding representations for the projection surfaces iS is also absolutely continuous (eA, J) for *' = 1, 2, 3. 14. Rado (see Rado [2] ) has shown that a representation [x(u) , 93] for a surface 5 which satisfies a Lipschitz condition of the form ||x(mi) -x02)|| iSjL||tti -W2II where L is a constant, is absolutely continuous (.4, /) , where A(S) is the Lebesgue area of 5 (see I, 6) and J(u, [x, 93] ) is the triple of ordinary Jacobians. Now the representation [x(m), 93] is also AC E (see II, 8) . From the theorem in IV, 13 one concludes that the essential area and the Lebesgue area of 5 are equal. In particular, eA(P)=A(P) for every polyhedron P (see I, 5).
Given any continuous surface S, there exists a sequence of polyhedra P" such that Pn converge to 5 and the Lebesgue areas A (Pn) converge to A (S) (see I, 6, 2) . Since eA(P) =A(Pn), one finds by using the lemma in IV, 5 the Theorem. The essential area of a surface S does not exceed the Lebesgue area -that is, eA(S) =A(S). A necessary and sufficient condition that the essential area and the Lebesgue area of a surface S be equal is that there exists a sequence of polyhedra Pn such that P" converges to S and eA(Pn) converges to eA(S).
This theorem and the theorem in IV, 10 have the Corollary.
A sufficient condition that the Lebesgue area and the essential area of a surface S be equal is that S possess a representation \x(u), 93 ] which is absolutely continuous (A, J), where A(S) is the Lebesgue area of S and J(u, [x, 93] ) is the triple of ordinary Jacobians.
15. In order to compare these results with those of Geöcze and Tonelli (cf. 2), and to give a proof for the statement made in I, 7 the following result is needed.
Lemma. If a surface S has a representation [x(u), 3] of non-parametric origin S:
x(u) = (#\ u2; x3(ux, m2)), u = (w1, u2) in 3, then eA(S)=A*(S)=A(S). In view of the relations established in I, 7 and IV, 14, the lemma is now proved.
The reader will notice that attention is restricted here to surfaces having a representation of non-parametric origin where the parameter range is an interval. Further considerations would establish this result more generally, but these are not necessary since it has been customary in the literature on such surfaces to so restrict the range of the independent variables.
16. The lemmas in III, 7, 8; IV, 4, 10, 11, 15 imply all the results of (9) These are the expressions of Geöcze (see Rado [l] ).
Geöcze and Tonelli for the non-parametric case which are analogous to those for curves stated in 1. For if 5 be a surface having a representation [x(u) , 3] of non-parametric origin u1, u2, x3(ul, u2) ), u = (w1, u2) in the interval 3, then eA (S) =A (5) by the lemma in IV, 15. Thus from IV, 4 it follows that a necessary and sufficient condition that the Lebesgue area of S be finite is that each of the projection surfaces 1S, 2S, 3S be BEV. The projection surface 3S is obviously BEV under any conditions, while it follows from the lemma in III, 8 that a necessary and sufficient condition that lS and 2S be BEV is that x3(u) be BV F on 3-Summarizing these facts, one obtains a known theorem in the non-parametric case (see Tonelli [l ] ): a necessary and sufficient condition that the Lebesgue area A (S) of a surface S having a representation 1 of non-parametric origin be finite is that x3{u) be BV T on 3-If x3(u) is BV F on 3, it follows that the triple J(u, [x, 3] ) of ordinary Jacobians exists almost everywhere on 3-in fact, J(u, [x, 3] 18. Retain the notation of the preceding section. Notice that (see II, 3, 6, 7) for any closed oriented square s in 93, it is so that Hs) = SK*) = I t$('r, 93°)) I = g(s, *t, £(% 93°)), i = 1, 2, 3.
Thus a necessary condition that the Geöcze area Q(S) be finite is that each of the representations ['x(u) This leaves open the question of whether these areas are equal if all the representations of a surface are BV 6, but none is BV E. Indeed, a first question might be whether such surfaces exist. A negative answer to this question would enable one to close the gap between necessary conditions and sufficient conditions in the results in IV, 6, 10. 21. For applications in the next chapter, the following result will be useful. Assume that a surface 5 has a representation which is BV E; in view of the lemma in II, 18, one may assume that this representation has the form [x(u), 3] where 3 is an interval. Now the essential area eA(S) is finite (see IV, 4). It follows from the lemma in II, 20 that there exist interval subdivisions 5"(3) such that ||5"(3)|| converges to zero and each 5" (3) x"(u) = («,«, xn(u , u ) ) for w = (w , m ) in 3» « = 0, 1, 2, • • • .
Make the following assumptions: the functions x\(u) converge on 3 uniformly to Xo(m) ; each of the functions xn(u) for « = 0, 1, 2, ■ • • is BV F on 3
Let SF be any closed class. Assume that to every interval 7 in SF there is associated a finite real number 0(7); this function is termed an interval function of SF, and denoted by [<p, SF] 4. Let 5 be a continuous surface having a representation which is BV E\ as noted in IV, 21, one may without loss of generality assume this representation to be of the form [x(w), 3]> where 3 is an interval. Let SF ([x, 3] ) denote the class of all intervals I in 3 having the following property: for each of the four lines /, a segment of which forms the boundary of I, it is true that (cf.
IV, 1) {'Til-E^T, 3°))I =0 for i = l, 2, 3 where *T is the transformation ['x(w) , 3°]-From the corollary in II, 17, it is clear that SF ( [x, 3] ) is a c-closed class. Let I be any interval in SF ([x, 3] ) and let 5(7) be any interval subdivision in SF ([x, 3] )-Then (see II, 19; IV, 2, 21) 5 (7) is a maximal system for [x(u), 3], so that
